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In 1964, Dirac [2] conjectured that every graph with n vertices and 3n - 5 or more 
edges contains a subdivision of K5. This conjecture is still open. In my Master’s Thesis 
under the supervision of Dirac, I proved in 1972 the weaker version with 4n - 10 
instead of 3n - 5, see [6]. I proved that, for every vertex v in the graph with 4n - 10 
edges, the subdivision can be chosen such that v has degree at most 2 in the 
subdivision. With this last additional condition, 4n - 10 cannot be replaced by 
Jn - y. To see this, let us form a graph by successively pasting disjoint copies of K, 
together along edges. If the resulting graph has n vertices, then it has 3 n - 4 edges, and 
it does not contain a subdivision of K ;, that is, K, minus an edge. So, if we add a new 
vertex v joined to all the other vertices, then the resulting graph has n + 1 vertices and 
jn - 4 edges, and every K,-subdivision in this graph must contain v as a vertex of 
degree 4. I conjectured in [6] (see also [ 1, p. 3981) and proved recently in [7] the following. 
Theorem 1. Let G be a graph with n vertices and at least in - 7 edges. Let v be any 
vertex of G. Then G contains a subdivision of KS such that v does not have degree 4 in 
that subdivision. 
The first part of the proof in [7] reduces the problem to the 5-connected case by 
standard arguments. Then we use some consequences of the following general result 
which may be of independent interest. 
Theorem 2. Let G1, Gz, . , G, be a jixed collection of graphs. Let k be a natural 
number and let Ai c V(Gi) such that 1 Ai1 = k for i = 1,2, . . . , k. Let S denote the 
following statement. 
S: Zf G is a 3-connected graph and A c V(G), 1 Al = k, then there exists an 
i E { 1,2, . . , m} such that G contains a subdivision of Gi with Ai = A. 
Then the statement S is decidable. Moreover, if G is a smallest counterexample, then 
G - A has no edge and 
IV(G)\AI < 3.2k. 
Theorem 2 can be used to generate results on 3-connected graphs. For k = 2 it 
probably gives no information (except Menger’s theorem for 3-connected graphs). Foi 
k = 3 it gives a very short proof of the following. 
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Corollary 1. Statement S in Theorem 1 is correct when k = 3, m = 2, G1 = &, 
G2 = K3,3 and A2 is one of the bipartite classes in K3,3. 
Mader [4] pointed out that Corollary 1 can also be derived directly from Menger’s 
theorem. 
For k = 4, there is a technical application of Theorem 2 concerning the subdivisions 
of K5 with an edge missing, which implies the following. 
Corollary 2. Let v be a vertex in a graph G and let N(v) denote the subgraph induced by 
the vertices ofG. Assume that N(v) is 3-connected. Let u be a vertex in V(G)\({u)uN(v)). 
Assume that PI, Pz, P3, P4 are paths from u to N(v) which have only u in common pair by 
pair. Then vuN(v)u(P,~P~uP~uP,) contains a subdivision of K5 in which v does not 
have degree 4. 
Corollaries 1 and 2 are used to complete the proof of Theorem 1. 
Kezdy and McGuinness [3] proved that a smallest counterexample to Dirac’s 
conjecture is 5-connected. This was also proved by Seymour [S], and Mader [4] 
informed the author that he, too, knew this 20 yr ago. This reduction to the 
5-connected case prompted Seymour to formulate the following conjecture which, if 
true, would imply Dirac’s conjecture. 
Conjecture (Seymour [5]). Every 5-connected, nonplanar graph contains a subdivi- 
sion of Kg. 
K4,4 shows that the conjecture is not true for 4-connected graphs. But perhaps the 
following holds. 
Question. Let G be a 4-connected nonplanar graph which contains no subdivision of 
K5. Must G contain a set A of 4 vertices such that G - A has 4 or more components? 
An affirmative answer to this question might bring us close to a complete character- 
ization of the graphs containing no subdivision of Kg. 
Note added in proofs. W. Mader has recently proved Dirac’s conjecture. Mader has 
also answered the last Question in the negative. 
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